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Part I

History

Leonhard Euler
Swiss mathematician

•

Exceptionally prolific and
influential

•

He introduced functions!

•

First to write f(x)

866 works, first publication age 19
The Euler Archive

Seven bridges

Seven bridges
Königsberg

Seven bridges
Königsberg

“Can I walk through the city and cross each
of the seven bridges exactly once?”

Seven bridges

Abstract away details

Seven bridges

Seven bridges
Graph theory!

Seven bridges
Graph theory!
A graph is an object
consisting of:
nodes (vertices)
links (edges) between
those nodes

Four-color theorem
“To color any map of countries without adjacent
countries sharing the same color requires only four
colors”

Four-color theorem
“To color any map of countries without adjacent
countries sharing the same color requires only four
colors”

Examples of networks
and network data

Technology &
Infrastructure

Power grid

Power grid
Nodes: power
generators/
consumers

Power grid
Nodes: power
generators/
consumers

Links:
transmission
lines

Power grid
Understand cascading failures
and blackouts

Road networks

International roads 1990

energy.gov

Road networks
Build network?

google maps

Road networks
Build network?
Each node represents
an intersection
Roads connecting
intersections form
links
google maps

Road networks
Alternative

google maps

Road networks
Alternative
Each node represents
a road
Two roads are linked
when you can drive
directly from one to
the other
google maps

Road networks
Alternative
Each node represents
a road

Route planning
google maps

Two roads are linked
when you can drive
directly from one to
the other

Air travel

gleamviz.org

Air travel

nodes = airports
links = direct flights
between airports
gleamviz.org

Air travel

Grady, et al. Nat Commun, 2012

Air travel

Disease spreading

Telecommunications

Telecommunications

Undersea cables
1901!

Telecommunications
How many lines do we
need for our phone calls?

wikipedia

Telecommunications
How many lines do we
need for our phone calls?

Queueing Theory
wikipedia

Mobile phones

Mobile phones

Mobile phone data
the interplay between the regular and thus predictable and the random and thus unforeseeable,
probing through human mobility the fundamental limits that characterize the predictability of
human dynamics.
At present, the most detailed information on
human mobility across a large segment of the
population is collected by mobile phone carriers
(4, 16–21). Mobile carriers record the closest
mobile tower each time the user uses his or her
phone. Here we use a 3-month-long record,
collected for billing purposes and anonymized
by the data source, capturing the mobility
patterns of 50,000 individuals chosen from ~10
million anonymous mobile phone users with the
criteria that they visit more than two locations
(tower vicinity) during the observational period
and that their average call frequency f is ≥0.5
hour−1 [(22) sections S1 and S2].
The trajectories of two users with widely
different mobility patterns are shown in Fig. 1A:
The first user moves in the vicinity of N = 22
towers in a 30-km region, whereas the second
visits as many as N = 76 towers spanning
approximately a 90-km neighborhood. To understand the recurrent nature of individual mobility,
we assigned to each user a mobility network (23)
(Fig. 1B), in which nodes are the locations visited
by the user (each location corresponding to a

mobile phone tower, with about a 3-km reception area on average, representing the uncertainty
in our ability to determine the user’s whereabouts), and links represent the observed movements between these. The uneven node sizes,
corresponding to the percentage of time the user
spent in the vicinity of the particular tower,
indicate that individuals tend to spend most of
their time in a few selected locations. Finally,
each mobility network has an associated dynamical pattern (Fig. 1C), capturing the temporal
sequence of towers visited by the user.
Entropy is probably the most fundamental
quantity capturing the degree of predictability
characterizing a time series (24). We assign three
entropy measures to each individual’s mobility
pattern: (i) The random entropy Sirand ≡ log2 Ni,
where Ni is the number of distinct locations
visited by user i, capturing the degree of
predictability of the user’s whereabouts if each
location is visited with equal probability; (ii)
the temporal-uncorrelated entropy Siunc ≡
i
−∑Nj¼1
pi ð jÞ log2 pi ð jÞ, where pi( j) is the historical probability that location j was visited
by the user i, characterizing the heterogeneity
of visitation patterns; (iii) the actual entropy,
Si, which depends not only on the frequency
of visitation, but also the order in which the
nodes were visited and the time spent at each

location, thus capturing the full spatiotemporal
order present in a person’s mobility pattern. To be
specific, if Ti ¼ fX1 ; X2 ; ⋯; XL g denotes the
sequence of towers at which user i was observed
at each consecutive hourly interval, the entropy
Si is given by −∑Ti0 ⊂Ti PðTi0 Þlog2 ½PðTi0 Þ%, where
P(Ti′) is the probability of finding a particular
time-ordered subsequence Ti′ in the trajectory
Ti [(22) section S4]. Naturally, for each user,
Si ≤ Siunc ≤ Sirand .
To calculate the real entropy Si, we need a
continuous (e.g., hourly) record of a user’s
momentary location. Mobile phone records
provide location information only when a person
uses his or her phone. The users tend to place
most of their calls in short bursts (11–13, 25)
(Fig. 1D), followed by long periods with no call
activity, during which we have no information
about the user’s location (Fig. 1C). This incompleteness of the collected data is captured by the
parameter q, representing the fraction of hourlong intervals when the user’s location is
unknown to us. As Fig. 1E shows, P(q) across
our user base peaked around q = 0.7, which
indicated that, for a typical user, we have no
location update for about 70% of the hourly
intervals, which masks the user’s real entropy Si.
We therefore studied the dependence of the
entropy S(q) on the incompleteness q, which
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Fig. 1. (A) Trajectories of two anonymized
mobile phone users who visited the vicinity of N = 22 and 76 different towers
during the 3-month-long observational period. Each dot
D
E
corresponds to a mobile phone tower, and each time a user
makes a call, the closest tower that routes the call is recorded,
pinpointing the user’s approximate location. The gray lines
represent the Voronoi lattice, approximating each tower’s area
of reception. The colored lines represent the recorded movement of the user between the towers. (B) Mobility networks
associated with the two users shown in (A). The area of the
nodes corresponds to the frequency of calls the user made in
the vicinity of the respective tower, and the widths of line edges
( )
are proportional to the frequency of the observed direct movement between two towers. (C) A week-long call pattern that captures the time-dependent location of the user with N = 22. Each vertical line
corresponds to a call, and its color matches the tower from where the call was placed. This sequence of locations serves as the basis of our mobility
prediction. (D) The distribution of the time intervals between consecutive calls, t, across the whole user population, documenting the nature of the call
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Human mobility

mobility patterns. a, Week-long trajectory of 40
icates that most individuals travel only over short
M. C.
González,
et al., 2008
ularly
move
over hundreds
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for each location is shown as a vertical bar. The circle represents the r
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Internet

infovis.info > Atlas of cyberspace

Internet

Nodes
Links

Computers, routers,
subnetworks, etc.
Connect nodes that share
data

Web
WWW sits on top of the
Internet

First web server

Nodes

Web pages

Links

Hyperlinks

Web
WWW sits on top of the
Internet
of the web led to

Novelty
the explosion
of
networks
Nodes Web pages
research in the late 90s
First web server

Links

Hyperlinks
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Social networks
Nodes
People

Links
Relationships
between people

Huge area
Information spreading
Disease spreading
Sociology

Huge area
Information spreading
Disease spreading
Sociology

1934, 1953 (2nd ed)

1932

Huge area
Information spreading
Disease spreading
Sociology

Applications
Marketing
Vaccine distribution
Social media
Emergency response
....

Huge area
Information spreading
Disease spreading
Sociology

Applications
Marketing
Vaccine distribution
Social media
Emergency response
....
See next
NetSci school
session

Biological networks

Another HUGE area

Systems biology
Protein-Protein
Interaction
networks

PPI networks

Palla, et al. Nature, 2005

PPI networks

Palla, et al. Nature, 2005

Metabolic networks

Metabolic networks
nodes:
links:

Metabolites (chemicals)
Reactions involving metabolites

Metabolic networks

Kyoto Encyclopedia of Genes and Genomes

http://www.expasy.org/tools/pathways/

“Diseaseome”

Goh, et al., PNAS 2007

“Diseaseome”
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LMNA
MSH2
PIK3CA
TP53
MAD1L1

The human disease network
! A-L (2007) Proc Natl Acad Sci USA 104:8685-8690
Goh K-I, Cusick ME, Valle D, Childs B, Vidal M, Barabasi
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duce specific bias dependencies. Although here
we concentrated on the problem of the spin
polarization of the Co electrode and regarded
the strongly spin-polarized LSMO only as a
useful spin analyzer, the large TMR ratios obtained by combining Co and LSMO electrodes
(50% with a STO barrier) are also an interesting
result. The drawback arising from the low
Curie temperature of LSMO ("350 K) is the
reduction of the TMR at room temperature,
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Emergence of Scaling in
Random Networks
Albert-László Barabási* and Réka Albert
Systems as diverse as genetic networks or the World Wide Web are best
described as networks with complex topology. A common property of many
large networks is that the vertex connectivities follow a scale-free power-law
distribution. This feature was found to be a consequence of two generic mechanisms: (i) networks expand continuously by the addition of new vertices, and
(ii) new vertices attach preferentially to sites that are already well connected.
A model based on these two ingredients reproduces the observed stationary
scale-free distributions, which indicates that the development of large networks
is governed by robust self-organizing phenomena that go beyond the particulars
of the individual systems.

P(k) ~

-λ
k

The inability of contemporary science to describe systems composed of nonidentical elements that have diverse and nonlocal inter-
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actions currently limits advances in many
disciplines, ranging from molecular biology
to computer science (1). The difficulty of
describing these systems lies partly in their
topology: Many of them form rather complex
networks whose vertices are the elements of
the system and whose edges represent the
interactions between them. For example, liv-
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level of LSMO is situated above the Fermi
level of Co and a maximum of inverse TMR
is expected when the Fermi level of LSMO is
approximately at the maximum of the spin 2
DOS of Co. This is consistent with the maximum of inverse TMR observed at !0.4 V
for Co/STO/LSMO junctions (Fig. 3A). For a
positive bias, the TMR is expected to change
sign and become normal above 1 V when the
Fermi level of LSMO goes down into the
energy range of the majority spin d-band of
Co. This is also observed in Fig. 3A.
For ALO and ALO/STO barriers, a predominant tunneling of s-character electrons (see arrow in Fig. 2B) is the usual explanation of the
positive polarization (6 – 8). The rapid drop
with bias (Fig. 3B) is similar to what has been
observed in most junctions with ALO barriers,
and completely different from what is obtained
when the tunneling is predominantly by d-character electrons (Fig. 3A). The origin of this
rapid decrease of the TMR at relatively small
bias has never been clearly explained. This is
roughly consistent with the energy dependence
of the DOS induced by sp-d bonding effects on
the first atomic layer of ALO in the calculation
of Nguyen-Mahn et al. (8) for the Co-ALO
interface. But Zhang et al. (13) have also shown
that a large part of the TMR drop can be
attributed to the excitation of spin waves.
The experiments reported here and in several recent publications (3, 4) demonstrate the
important role of the electronic structure of the
metal-oxide interface in determining the spin
polarization of the tunneling electrons. The negative polarization for the Co-STO interface has
been ascribed to d-d bonding effects between
Al and Ti (4). This interpretation is similar to
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typically slower than ,1 km s−1) might differ significantly from
what is assumed by current modelling efforts27. The expected
equation-of-state differences among small bodies (ice versus rock,
for instance) presents another dimension of study; having recently
adapted our code for massively parallel architectures (K. M. Olson
and E.A, manuscript in preparation), we are now ready to perform a
more comprehensive analysis.
The exploratory simulations presented here suggest that when a
young, non-porous asteroid (if such exist) suffers extensive impact
damage, the resulting fracture pattern largely defines the asteroid’s
response to future impacts. The stochastic nature of collisions
implies that small asteroid interiors may be as diverse as their
shapes and spin states. Detailed numerical simulations of impacts,
using accurate shape models and rheologies, could shed light on
how asteroid collisional response depends on internal configuration
and shape, and hence on how planetesimals evolve. Detailed
simulations are also required before one can predict the quantitative
effects of nuclear explosions on Earth-crossing comets and
asteroids, either for hazard mitigation28 through disruption and
deflection, or for resource exploitation29. Such predictions would
require detailed reconnaissance concerning the composition and
M
internal structure of the targeted object.

Collective dynamics of
‘small-world’ networks
Duncan J. Watts* & Steven H. Strogatz
Department of Theoretical and Applied Mechanics, Kimball Hall,
Cornell University, Ithaca, New York 14853, USA
.........................................................................................................................

Networks of coupled dynamical systems have been used to model
biological oscillators1–4, Josephson junction arrays5,6, excitable
media7, neural networks8–10, spatial games11, genetic control
networks12 and many other self-organizing systems. Ordinarily,
the connection topology is assumed to be either completely
regular or completely random. But many biological, technological
and social networks lie somewhere between these two extremes.
Here we explore simple models of networks that can be tuned
through this middle ground: regular networks ‘rewired’ to introduce increasing amounts of disorder. We find that these systems
can be highly clustered, like regular lattices, yet have small
characteristic path lengths, like random graphs. We call them
‘small-world’ networks, by analogy with the small-world
phenomenon13,14 (popularly known as six degrees of separation15).
The neural network of the worm Caenorhabditis elegans, the
power grid of the western United States, and the collaboration
graph of film actors are shown to be small-world networks.
Models of dynamical systems with small-world coupling display
enhanced signal-propagation speed, computational power, and
synchronizability. In particular, infectious diseases spread more

8

Feature of network
neighborhoods

Received 4 February; accepted 18 March 1998.
1. Asphaug, E. & Melosh, H. J. The Stickney impact of Phobos: A dynamical model. Icarus 101, 144–164
(1993).
2. Asphaug, E. et al. Mechanical and geological effects of impact cratering on Ida. Icarus 120, 158–184
(1996).
3. Nolan, M. C., Asphaug, E., Melosh, H. J. & Greenberg, R. Impact craters on asteroids: Does strength or
gravity control their size? Icarus 124, 359–371 (1996).
4. Love, S. J. & Ahrens, T. J. Catastrophic impacts on gravity dominated asteroids. Icarus 124, 141–155
(1996).
5. Melosh, H. J. & Ryan, E. V. Asteroids: Shattered but not dispersed. Icarus 129, 562–564 (1997).

Nature, 1998

Clustering coefficient
letters to nature
typically slower than ,1 km s−1) might differ significantly from
what is assumed by current modelling efforts27. The expected
equation-of-state differences among small bodies (ice versus rock,
for instance) presents another dimension of study; having recently
adapted our code for massively parallel architectures (K. M. Olson
and E.A, manuscript in preparation), we are now ready to perform a
more comprehensive analysis.
The exploratory simulations presented here suggest that when a
young, non-porous asteroid (if such exist) suffers extensive impact
damage, the resulting fracture pattern largely defines the asteroid’s
response to future impacts. The stochastic nature of collisions
implies that small asteroid interiors may be as diverse as their
shapes and spin states. Detailed numerical simulations of impacts,
using accurate shape models and rheologies, could shed light on
how asteroid collisional response depends on internal configuration
and shape, and hence on how planetesimals evolve. Detailed
simulations are also required before one can predict the quantitative
effects of nuclear explosions on Earth-crossing comets and
asteroids, either for hazard mitigation28 through disruption and
deflection, or for resource exploitation29. Such predictions would
require detailed reconnaissance concerning the composition and
M
internal structure of the targeted object.

Collective dynamics of
‘small-world’ networks
Duncan J. Watts* & Steven H. Strogatz
Department of Theoretical and Applied Mechanics, Kimball Hall,
Cornell University, Ithaca, New York 14853, USA
.........................................................................................................................

Networks of coupled dynamical systems have been used to model
biological oscillators1–4, Josephson junction arrays5,6, excitable
media7, neural networks8–10, spatial games11, genetic control
networks12 and many other self-organizing systems. Ordinarily,
the connection topology is assumed to be either completely
regular or completely random. But many biological, technological
and social networks lie somewhere between these two extremes.
Here we explore simple models of networks that can be tuned
through this middle ground: regular networks ‘rewired’ to introduce increasing amounts of disorder. We find that these systems
can be highly clustered, like regular lattices, yet have small
characteristic path lengths, like random graphs. We call them
‘small-world’ networks, by analogy with the small-world
phenomenon13,14 (popularly known as six degrees of separation15).
The neural network of the worm Caenorhabditis elegans, the
power grid of the western United States, and the collaboration
graph of film actors are shown to be small-world networks.
Models of dynamical systems with small-world coupling display
enhanced signal-propagation speed, computational power, and
synchronizability. In particular, infectious diseases spread more

8

Feature of network
neighborhoods

Received 4 February; accepted 18 March 1998.
1. Asphaug, E. & Melosh, H. J. The Stickney impact of Phobos: A dynamical model. Icarus 101, 144–164
(1993).
2. Asphaug, E. et al. Mechanical and geological effects of impact cratering on Ida. Icarus 120, 158–184
(1996).
3. Nolan, M. C., Asphaug, E., Melosh, H. J. & Greenberg, R. Impact craters on asteroids: Does strength or
gravity control their size? Icarus 124, 359–371 (1996).
4. Love, S. J. & Ahrens, T. J. Catastrophic impacts on gravity dominated asteroids. Icarus 124, 141–155
(1996).
5. Melosh, H. J. & Ryan, E. V. Asteroids: Shattered but not dispersed. Icarus 129, 562–564 (1997).

Nature, 1998

Clustering coefficient
How many triangles
are in the neighborhood?

Nature, 1998

Clustering coefficient
How many triangles
are in the neighborhood?
How many triangles are
possible?

Nature, 1998

Clustering coefficient
How many triangles
are in the neighborhood?
How many triangles are
possible?
number of triangles
Ci =
=
maximum number of triangles

Ti
ki (ki 1)
2

Nature, 1998

Clustering coefficient
How many triangles
are in the neighborhood?
How many triangles are
possible?
number of triangles
Ci =
=
maximum number of triangles
1 X
Ci
C=
N i

Ti
ki (ki 1)
2

Nature, 1998

Clustering coefficient

Ci = 0

Ci = 1/3

Ci = 1

Clustering coefficient

Real networks ➟ more triangles than expected!

Motifs

Motifs

G1

G2

Motifs

G1
G1 and G2 are isomorphic!

G2

Motifs
Motifs: Frequently occurring
isomorphic subgraphs

Motifs
REPORTS

ounding arqueológico
eas of the
esholds for
contrast, a
cted in the
hern Chile
uasco) and
, the Silenr of the six
(23)]. It is
n sites that
eams (24).
northwest

(1997).
Res. 37, 117

21. M. Aldenderfer, Science 241, 1828 (1988).
22. A mid-Holocene hiatus is found at Inca Cueva 4,
Huachichocana 3, Pintocamayoc, and Yavi, whereas
occupation continued at the oases of Susques and
Quebrada Seca.
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Network Motifs: Simple Building
Blocks of Complex Networks
R. Milo,1 S. Shen-Orr,1 S. Itzkovitz,1 N. Kashtan,1 D. Chklovskii,2
U. Alon1*
Complex networks are studied across many fields of science. To uncover their
structural design principles, we defined “network motifs,” patterns of interconnections occurring in complex networks at numbers that are significantly
higher than those in randomized networks. We found such motifs in networks
from biochemistry, neurobiology, ecology, and engineering. The motifs shared
by ecological food webs were distinct from the motifs shared by the genetic
networks of Escherichia coli and Saccharomyces cerevisiae or from those found
in the World Wide Web. Similar motifs were found in networks that perform
information processing, even though they describe elements as different as
biomolecules within a cell and synaptic connections between neurons in Caenorhabditis elegans. Motifs may thus define universal classes of networks. This
approach may uncover the basic building blocks of most networks.
Many of the complex networks that occur in
nature have been shown to share global statistical features (1–10). These include the “small
world” property (1–9) of short paths between
any two nodes and highly clustered connections. In addition, in many natural networks,
there are a few nodes with many more connec-

of networks, termed “scale-free networks” (4,
6), the fraction of nodes having k edges, p(k),
decays as a power law p(k) ! k–" (where " is
often between 2 and 3). To go beyond these
global features would require an understanding
of the basic structural elements particular to
each class of networks (9). To do this, we
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Newman, Assortative mixing in networks, Phys Rev Lett, 2002

r
0.363
0.127
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−0.156
−0.163
−0.276
0
δ/(1 + 2δ)
0

Distances and
Networks
Networks aren’t though of as existing
in ordinary space

Distances and
Networks
Networks aren’t though of as existing
in ordinary space
Space lets us tell how far
apart things are

Distances and
Networks
Networks aren’t though of as existing
in ordinary space
Space lets us tell how far
apart things are
How to measure distance
in a network?

Paths

Paths
destination
target

origin
source

Paths
destination
target

many paths exist
origin
source

Paths
destination
target

many paths exist
origin
source

we want the
shortest path

Path Length
d(i,j) = number of hops to
get from i to j

d=3

Set of all paths
Compute shortest path from a
node to every other node

Set of all paths
Compute shortest path from a
node to every other node
Eccentricity of a node
Longest shortest path starting from that node

Set of all paths
Compute shortest path from a
node to every other node
Eccentricity of a node
Longest shortest path starting from that node
Diameter of a network
Longest of all shortest paths

How big can distances
be?

How big can distances
be?
How far apart are these nodes?

How big can distances
be?
How far apart are these nodes?

Ans: d = 1

How big can distances
be?
Networks can be disconnected
or disjoint

How big can distances
be?
Networks can be disconnected
or disjoint
Components
(Connected components)

Centrality
What nodes are “important”?

Centrality
What nodes are “important”?

wikipedia.org

Centrality
What nodes are “important”?

Central

wikipedia.org

Centrality
What nodes are “important”?

Central
Peripheral

wikipedia.org

Centrality
What nodes are “important”?

Central
Peripheral

Rank nodes
wikipedia.org

Centrality
Rank nodes

Centrality
Rank nodes
Degree centrality: rank nodes by their degree
Hubs are most central

Centrality
Rank nodes
Degree centrality: rank nodes by their degree
Hubs are most central
Betweenness centrality: rank nodes (or
links) by number of shortest paths

Centrality
Rank nodes
Betweenness centrality: rank nodes (or
links) by number of shortest paths

Centrality
Rank nodes
Betweenness centrality: rank nodes (or
links) by number of shortest paths

Centrality
Rank nodes
Betweenness centrality: rank nodes (or
links) by number of shortest paths

Centrality
Rank nodes
Betweenness centrality: rank nodes (or
links) by number of shortest paths

Centrality
Rank nodes
Betweenness centrality: rank nodes (or
links) by number of shortest paths

Centrality
Rank nodes
Betweenness centrality: rank nodes (or
links) by number of shortest paths

Centrality
Rank nodes
Betweenness centrality: rank nodes (or
links) by number of shortest paths

Centrality
Rank nodes
Betweenness centrality: rank nodes (or
links) by number of shortest paths

Very central bridge

Centrality
Rank nodes
Betweenness centrality: rank nodes (or
links) by number of shortest paths

but low degree centrality!!

Centrality
Rank nodes
PageRank

Centrality
Rank nodes
PageRank

Centrality
Rank nodes
PageRank
Random web surfer

Centrality
Rank nodes
PageRank
Random web surfer
“If I move around at
random, where will I
tend to find myself?”

Centrality
Rank nodes
PageRank
Random web surfer
“If I move around at
random, where will I
tend to find myself?”
wikipedia.org

Centrality
Rank nodes
PageRank

wikipedia.org

Sparse and dense
networks

Sparse and dense
networks
Sparse network has a sparse adjacency matrix
(mostly zeros)

Sparse and dense
networks
Sparse network has a sparse adjacency matrix
(mostly zeros)
typical degree << N

Sparse and dense
networks
Sparse network has a sparse adjacency matrix
(mostly zeros)
typical degree << N
max degree << N

Sparse and dense
networks
Sparse network has a sparse adjacency matrix
(mostly zeros)
typical degree << N
max degree << N
“dense” is sometimes abused

Types of networks and
subnetworks

Network zoology
Trees

Networks with no loops

Network zoology
Trees

Lattices

Networks with no loops

Network zoology
Trees

Networks with no loops

Lattices

Regular

Every node has the same degree

Network zoology
Star graph

Network zoology
Planar graph

four color theorem

All nodes can be embedded
in a 2D plane such that no
links cross

Network zoology
Complete graph

Clique

Mathworld

Network zoology
Bipartite graph

Network zoology
Bipartite graph

Two types of nodes

Network zoology
Bipartite graph

Two types of nodes
Links only between nodes
of different types

Network zoology
Bipartite graph

Two types of nodes
Links only between nodes
of different types
Movies
Enzymes
Scientists

Actors
Metabolites
Papers

Network zoology
Bipartite projection

Movies

Actors

Network zoology
Bipartite projection

Movies

Link nodes in one group that
have common neighbors in
the other group
Actors

Network zoology
Bipartite projection

Movies

Link nodes in one group that
have common neighbors in
the other group
Actors

“Movies that star
the same actor(s)”

Network zoology
Bipartite projection

Movies

Link nodes in one group that
have common neighbors in
the other group
Actors

“Movies that star
the same actor(s)”

“Actors that appeared in
the same movie(s)”

Network zoology
Multigraphs

More than one link between
node pairs

Network zoology
Multigraphs

More than one link between
node pairs

Network zoology
Hypergraphs

Links between more than
two nodes

Network zoology
Etc.

Mathworld

Random network
models

Modeling networks

Modeling networks
So much data
nowadays

2010

Modeling networks
So much data
nowadays

2010

Why turn to models?

Modeling networks
So much data
nowadays

Why turn to models?
A1. Wasn’t always
this much data

2010

Modeling networks
So much data
nowadays

Why turn to models?
A1. Wasn’t always
this much data
A2.

2010

Modeling networks
Why turn to models?
A2.

Modeling networks
Why turn to models?
A2. To try to understand
underlying principles
or organizing laws

Modeling networks
Why turn to models?
A2. To try to understand
underlying principles
or organizing laws

Build simplified networks
preserving/destroying certain
features or properties

Modeling networks
Why turn to models?
A2. To try to understand
underlying principles
or organizing laws

Build simplified networks
preserving/destroying certain
features or properties

What’s similar/
different in these
reduced networks
(models)?

Modeling networks
Why turn to models?
A2. To try to understand
underlying principles
or organizing laws

Build simplified networks
preserving/destroying certain
features or properties

What’s similar/
different in these
reduced networks
(models)?

Trees and lattices
Simple models

Trees and lattices
Simple models
Completely regular or ordered

Randomness
replace overwhelming details with simple
probabilistic rules (coin flips)

Random graphs
1736 Graph theory
Euler

Random graphs
1736 Graph theory
Euler

1959 Random graph theory

Erdős

Rényi

Gilbert

Erdős-Rényi Graph
1. Start with an empty graph of N nodes

Erdős-Rényi Graph
1. Start with an empty graph of N nodes
2. Look at every pair of nodes:
With probability p connect
that pair with a link

Erdős-Rényi Graph
1. Start with an empty graph of N nodes
2. Look at every pair of nodes:
With probability p connect
that pair with a link

p=0

?

p=1

Erdős-Rényi Graph
p=0

?

p=1

Erdős-Rényi Graph
p=0

If Np < 1

?

p=1

Erdős-Rényi Graph
p=0

If Np < 1

?

p=1

Erdős-Rényi Graph
p=0

If Np < 1

?
If Np = 1

p=1

Erdős-Rényi Graph
p=0

If Np < 1

?
If Np = 1

p=1

Erdős-Rényi Graph
p=0

If Np < 1

?
If Np = 1

p=1

If Np > 1

Erdős-Rényi Graph
p=0

If Np < 1

?
If Np = 1

p=1

If Np > 1

Erdős-Rényi Graph
Degree distribution

Erdős-Rényi Graph
Degree distribution
Np looks important

Erdős-Rényi Graph
Degree distribution
Np looks important

What is it?

Erdős-Rényi Graph
Degree distribution
Np looks important

What is it?
average degree

Erdős-Rényi Graph
Degree distribution
Np looks important
⟨k⟩ = (N-1)p

What is it?
well.....

average degree

Erdős-Rényi Graph
Degree distribution
Np looks important

What is it?
well.....

⟨k⟩ = (N-1)p

P (k) =

✓

N
k

◆
1

k

p (1

p)

N

1 k

average degree

Erdős-Rényi Graph
Degree distribution
Np looks important

What is it?
well.....

⟨k⟩ = (N-1)p

P (k) =

✓

N
k

◆
1

k

p (1

p)

N

average degree

1 k

P(k)
01 2 3

k

8

Erdős-Rényi Graph
Degree distribution
Np looks important

What is it?
well.....

⟨k⟩ = (N-1)p

P (k) =

✓

N
k

◆
1

k

p (1

p)

N

average degree

1 k

P(k)
01 2 3

k

8

Watts-Strogatz
Entering
the modern
letters
to nature era, 1998
typically slower than ,1 km s−1) might differ significantly from
what is assumed by current modelling efforts27. The expected
equation-of-state differences among small bodies (ice versus rock,
for instance) presents another dimension of study; having recently
adapted our code for massively parallel architectures (K. M. Olson
and E.A, manuscript in preparation), we are now ready to perform a
more comprehensive analysis.
The exploratory simulations presented here suggest that when a
young, non-porous asteroid (if such exist) suffers extensive impact
damage, the resulting fracture pattern largely defines the asteroid’s
response to future impacts. The stochastic nature of collisions
implies that small asteroid interiors may be as diverse as their
shapes and spin states. Detailed numerical simulations of impacts,
using accurate shape models and rheologies, could shed light on
how asteroid collisional response depends on internal configuration
and shape, and hence on how planetesimals evolve. Detailed
simulations are also required before one can predict the quantitative
effects of nuclear explosions on Earth-crossing comets and
asteroids, either for hazard mitigation28 through disruption and
deflection, or for resource exploitation29. Such predictions would
require detailed reconnaissance concerning the composition and
M
internal structure of the targeted object.

Recall:

Collective dynamics of
‘small-world’ networks
Duncan J. Watts* & Steven H. Strogatz
Department of Theoretical and Applied Mechanics, Kimball Hall,
Cornell University, Ithaca, New York 14853, USA
.........................................................................................................................

Networks of coupled dynamical systems have been used to model
biological oscillators1–4, Josephson junction arrays5,6, excitable
media7, neural networks8–10, spatial games11, genetic control
networks12 and many other self-organizing systems. Ordinarily,
the connection topology is assumed to be either completely
regular or completely random. But many biological, technological
and social networks lie somewhere between these two extremes.
Here we explore simple models of networks that can be tuned
through this middle ground: regular networks ‘rewired’ to introduce increasing amounts of disorder. We find that these systems
can be highly clustered, like regular lattices, yet have small
characteristic path lengths, like random graphs. We call them
‘small-world’ networks, by analogy with the small-world
phenomenon13,14 (popularly known as six degrees of separation15).
The neural network of the worm Caenorhabditis elegans, the
power grid of the western United States, and the collaboration
graph of film actors are shown to be small-world networks.
Models of dynamical systems with small-world coupling display

8

Introduced
clustering coefficient
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duce specific bias dependencies. Although here
we concentrated on the problem of the spin
polarization of the Co electrode and regarded
the strongly spin-polarized LSMO only as a
useful spin analyzer, the large TMR ratios obtained by combining Co and LSMO electrodes
(50% with a STO barrier) are also an interesting
result. The drawback arising from the low
Curie temperature of LSMO ("350 K) is the
reduction of the TMR at room temperature,

14. J. M. MacLaren, X. G. Zhang, W. H. Butler, X. Wang,
Phys. Rev. B 59, 5470 (1999).
15. K. I. Kobayashi, T. Kimura, H. Sawada, K. Terakura, Y.
Tokura, Nature 395, 677 (1998).
16. We thank the group of A. Revcoleschi for providing
LSMO targets, R. Lyonnet and A. Vaures for their
experimental help and J. Nassar for fruitful discussions. Supported by the European Union and the New
Energy and Industrial Technology Development Organization of Japan.
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level of LSMO is situated above the Fermi
level of Co and a maximum of inverse TMR
is expected when the Fermi level of LSMO is
approximately at the maximum of the spin 2
DOS of Co. This is consistent with the maximum of inverse TMR observed at !0.4 V
for Co/STO/LSMO junctions (Fig. 3A). For a
positive bias, the TMR is expected to change
sign and become normal above 1 V when the
Fermi level of LSMO goes down into the
energy range of the majority spin d-band of
Co. This is also observed in Fig. 3A.
For ALO and ALO/STO barriers, a predominant tunneling of s-character electrons (see arrow in Fig. 2B) is the usual explanation of the
positive polarization (6 – 8). The rapid drop
with bias (Fig. 3B) is similar to what has been
observed in most junctions with ALO barriers,
and completely different from what is obtained
when the tunneling is predominantly by d-character electrons (Fig. 3A). The origin of this
rapid decrease of the TMR at relatively small
bias has never been clearly explained. This is
roughly consistent with the energy dependence
of the DOS induced by sp-d bonding effects on
the first atomic layer of ALO in the calculation
of Nguyen-Mahn et al. (8) for the Co-ALO
interface. But Zhang et al. (13) have also shown
that a large part of the TMR drop can be
attributed to the excitation of spin waves.
The experiments reported here and in several recent publications (3, 4) demonstrate the
important role of the electronic structure of the
metal-oxide interface in determining the spin
polarization of the tunneling electrons. The negative polarization for the Co-STO interface has
been ascribed to d-d bonding effects between
Al and Ti (4). This interpretation is similar to

Scale-free networks
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Emergence of Scaling in
Random Networks
Albert-László Barabási* and Réka Albert
Systems as diverse as genetic networks or the World Wide Web are best
described as networks with complex topology. A common property of many
large networks is that the vertex connectivities follow a scale-free power-law
distribution. This feature was found to be a consequence of two generic mechanisms: (i) networks expand continuously by the addition of new vertices, and
(ii) new vertices attach preferentially to sites that are already well connected.
A model based on these two ingredients reproduces the observed stationary
scale-free distributions, which indicates that the development of large networks
is governed by robust self-organizing phenomena that go beyond the particulars
of the individual systems.

P(k) ~

-λ
k

The inability of contemporary science to describe systems composed of nonidentical elements that have diverse and nonlocal inter-

Department of Physics, University of Notre Dame,
Notre Dame, IN 46556, USA.

*To whom correspondence should be addressed. Email: alb@nd.edu

actions currently limits advances in many
disciplines, ranging from molecular biology
to computer science (1). The difficulty of
describing these systems lies partly in their
topology: Many of them form rather complex
networks whose vertices are the elements of
the system and whose edges represent the
interactions between them. For example, liv-
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tested in the real world. However, driven by
the computerization of data acquisition, such
topological information is increasingly available, raising the possibility of understanding
the dynamical and topological stability of
large networks.
Here we report on the existence of a high
degree of self-organization characterizing the
large-scale properties of complex networks.
Exploring several large databases describing
the topology of large networks that span
fields as diverse as the WWW or citation
patterns in science, we show that, independent of the system and the identity of its
constituents, the probability P(k) that a vertex in the network interacts with k other
vertices decays as a power law, following
P(k) ! k "# . This result indicates that large
networks self-organize into a scale-free state,
a feature unpredicted by all existing random
network models. To explain the origin of this
scale invariance, we show that existing network models fail to incorporate growth and
preferential attachment, two key features of
real networks. Using a model incorporating

edges are the links pointing from one doc
ment to another. The topology of this gra
determines the Web’s connectivity and, co
sequently, our effectiveness in locating info
mation on the WWW (5). Information abo
P(k) can be obtained using robots (6), ind
cating that the probability that k documen
point to a certain Web page follows a pow
law, with #www $ 2.1 % 0.1 (Fig. 1B) (9).
network whose topology reflects the histo
cal patterns of urban and industrial develo
ment is the electrical power grid of the we
ern United States, the vertices being gener
tors, transformers, and substations and t
edges being to the high-voltage transmissi
lines between them (10). Because of the r
atively modest size of the network, contai
ing only 4941 vertices, the scaling region
less prominent but is nevertheless approx
mated by a power law with an expone
#power ! 4 (Fig. 1C). Finally, a rather lar
complex network is formed by the citati
patterns of the scientific publications, the ve
tices being papers published in refereed jou
nals and the edges being links to the articl

Barabási-Albert Model
Preferential
+ Growth
Attachment
Not the first:
1955!
But they found
it in new
systems

Actors

=

Web

Fig. 1. The distribution function of connectivities for various large networks. (A) Actor collaborati
graph with N $ 212,250 vertices and average connectivity *k+ $ 28.78. (B) WWW, N

vertex
that acquires
than
For model
example,
if we assume
with
which
a new driven
vertexbyconnects
In the small-world
recently
intro- that a fract
edges to
arethe
the links
pointing
from one more
docu- connections
tested in the real
world.
However,
another
one willofincrease
its connectivity
at a and
the Strogatz
links is directed,
we Nobtain %( p)
existing
vertices
is not such
uniform;ment
there
a
duced by Watts
(WS) (10),
to is
another.
The topology
this graph
the computerization
of data
acquisition,
higherconnectivity
rate; thus, an
the a p,one-dimensional
which is supported
by numerical
higher probability
that itavailwill bedetermines
linked to athe Web’s
verticesinform
lattice,
and,initial
con- difference
topological information
is increasingly
connectivityin between
two vertices
in- being
tions
(16). Finally,
some
vertex
that already
has a large sequently,
number of
each will
vertex
connected
to its
twonetworks ev
our effectiveness
locating inforable, raising the
possibility
of understanding
crease(5).
further
as the network
Theand
ratenext-nearest
only by adding
new With
vertices but by
nearest
neighbors.
mation on the WWW
Information
about grows.
the dynamicalconnections.
and topological stability of
at which
a vertex
is *k i /*t "
(and
removing)
these
probability
p, each
edgesometimes
is reconnected
to a connecti
P(k)oncan
be obtained
using
robots acquires
(6), indi-edges
large networks. We next show that a model based
0.5
k i (t) " m(t/t
, chosen
where at tween
k i / 2t, which
established
vertices. Althoug
two on
ingredients
naturally
leads cating
to thethat
ob-the probability
vertex
random.
The long-range
thatgives
k documents
Here we report
the existence
of a high
i)
is thepage
timefollows
at which
vertex i connections
was added togenerated
and other
features
served scale-invariant
distribution.
To to
incorby thissystem-specific
process depoint
a certaint i Web
a power
degree of self-organization
characterizing
the
the2.1
system
modify
the exponent
%, our model of
porate the
growing character
creaseproperty
the distance
between
the vertices,
% 0.1(see
(Fig.Fig.
1B) 2C),
(9). Aa scaling
law,network,
with #www $
large-scale properties
of complex
networks. of the
leading
to a small-world
phenomenon
(13), accounting
whose topology
reflects
the historiExploring several
largewith
databases
of vertices,
that could
be directly
tested once
time-refirst successful
mechanism
starting
a smalldescribing
number (m 0 )network
oftenbecomes
referred to scale-invariant
as six degrees nature
of separapatterns
and
industrial
developthe topology at
of every
large time
networks
thataddspan
step we
a new cal
vertex
withof urban
solved
data
on network
connectivity
of real network
tion (14
For p $ 0,Growth
the probability
distriment is the electrical
powerThus
grid older
of the (with
west- smaller
fields as diverse
as the
WWW or citation
vertim(!m
available.
t i ) ).
and preferential
attachm
0 ) edges that link the new vertex to m
bution
of the connectivities
is P(k)
$ )(kto"a number o
verticestheir
being
genera- at
patterns in science,
we vertices
show that,
independifferent
already
presentern
in United
the sys-States,
cesthe
increase
connectivity
the expense
mechanisms
common
where
z is theplex
coordination
number in business n
tors,
transformers,
andyounger
substations
the t i ) z),
dent of the system
andincorporate
the identity
of its
ones,
leading
tem. To
preferential
attachment,
of the
(withand
larger
systems, including
the are
lattice;
whereas
P(k) still(describing
high-voltage
transmission
constituents, the
P(k)
a ver- !edges
over
time to some
vertices that
highly
weprobability
assume that
thethat
probability
that abeing
new to the
(17,for
18),finite
socialp,networks
peaks
around z, but
broader (15). Atransportati
lines
between them
(10). Because
of the reltex in the network
with k other
connected,
a “rich-get-richer”
phenomenon
vertex interacts
will be connected
to vertex
i depends
ualsit gets
or organizations),
common
feature of
the ER
andand
WS so
models
atively
modest
size
of
thebenetwork,
contain- in real
vertices decaysonasthea connectivity
power law, following
of
that
vertex,
so
that
that
can
easily
detected
networks.
k
works
(19),
on. Consequen
i
result
indicates
that
large
is
that
the
probability
of
finding
a
highly
ing
only
4941
vertices,
the
scaling
region
is
P(k) ! k "# . This
!(k i ) " k i /# j k j . After t time steps, the
Furthermore, this property can be used to
expect that the scale-invariant state o
networks self-organize
into atoscale-free
state,
connectedthat
vertex in
(that
a large k)
lesswith
prominent
is nevertheless
approximodel leads
a random
network
t $ but
calculate
% analytically.
The probability
allis,systems
fordecreaswhich detailed d
a feature unpredicted
by
all
existing
random
es
exponentially
with
k;
thus,
vertices
mated
by
a
power
law
with
an
exponent
m 0 vertices and mt edges. This network
a vertex i has a connectivity smaller than k,
been available to us iswith
a generic pro
!
4
(Fig.
1C).
Finally,
a
rather
large
network models.
To
explain
the
origin
of
this
large
connectivity
are
practically
absent.
In with appli
#
power
evolves into a scale-invariant state
with the
P[k i (t) + k], can be written as P(t i ,
many complex networks,
complex
network
by the that
citation
scale invariance,
we showthat
thataexisting
net-k edges,
the power-law
2
). Assuming
we addcontrast,
the vertices
m 2ist/kformed
probability
vertex has
followreachingtail
farcharacterizing
beyond the quoted exam
patterns of the scientific publications, the verwork models fail to incorporate growth and
P(k) for the networks studied indicates that
to the system at equal time intervals, we
ing a power law with an exponent %model "
better description of these systems
tices being papers published in refereed
jourpreferential attachment, two key features of
highly connected (large k) vertices have a
2
2
2.9 & 0.1 (Fig. 2A). Because the power law
obtain P(t i , m t/k ) " 1 ' P(t i !
help in understanding other complex
nals and the edges being links
to the articles
real networks. Using a model incorporating
large chance of occurring, dominating the
observed for real networks describes systems
connectivity.
of rather different sizes at different stages of
There are two generic aspects of real nettheir development, it is expected that a corworks that are not incorporated in these modrect model should provide a distribution
els. First, both models assume that we start
whose main features are independent of time.
with a fixed number (N) of vertices that are
Indeed, as Fig. 2A demonstrates, P(k) is
then randomly connected (ER model), or reindependent of time (and subsequently indeconnected (WS model), without modifying
pendent of the system size m 0 $ t), indicatN. In contrast, most real world networks are
ing that despite its continuous growth, the
open and they form by the continuous addisystem organizes itself into a scale-free station of new vertices to the system, thus the
tionary state.
number of vertices N increases throughout
The development of the power-law scalthe lifetime of the network. For example, the
ing in the model indicates that growth and
actor network grows by the addition of new
preferential attachment play an important role
actors to the system, the WWW grows expoin network development. To verify that both
nentially over time by the addition of new
Fig. 1. The distribution function of connectivities for various large networks.
collaboration
Fig. 2. (A) Actor
The power-law
connectivity
distribution
at tthe
" 150,000
and t " 200,000
Web pages
(8), and
research (E)
literature
necessary,
we investigated
graph with N ingredients
$ 212,250 are
vertices
and average
connectivity *k+ obtained
$ 28.78.from
(B) the
WWW,
N
$
model, using m 0 " m " 5. The slope of the dashed line is % " 2.9.
constantly grows by the publication of new
two variants of the model. Model A keeps the

Barabási-Albert Model

Preferential
+ Growth
Attachment

=

Not the first:
1955!

Actors

Web

BA
model

Heavy-tailed,
scale-free,
power-law,
degree distributions

Where does PA come
from?
Preferential
Attachment
ki
Pattach (i) = P
j kj

Where does PA come
from?
Preferential
Attachment
ki
Pattach (i) = P
j kj

Where does PA come
from?
Preferential
Attachment
ki
Pattach (i) = P
j kj

Requires global information

Krapivsky-Redner
Model
Redirection model

Krapivsky-Redner
Model
Redirection model

Krapivsky-Redner
Model
Redirection model
New node: pick a random
node and attach

Krapivsky-Redner
Model
Redirection model
New node: pick a random
node and attach

Krapivsky-Redner
Model
Redirection model
Then, flip a coin

Krapivsky-Redner
Model
Redirection model
Then, flip a coin
With prob p you
redirect the new link
to an ancestor

Krapivsky-Redner
Model
Redirection model
Then, flip a coin
With prob p you
redirect the new link
to an ancestor

Krapivsky-Redner
Model
Redirection model
Then, flip a coin
With prob p you
redirect the new link
to an ancestor
Continue

Krapivsky-Redner
Model
Redirection model
Nodes with more descendants
are more likely to gain new
descendants through redirection

Krapivsky-Redner
Model
Redirection model
Nodes with more descendants
are more likely to gain new
descendants through redirection

Krapivsky-Redner
Model
Redirection model
Nodes with more descendants
are more likely to gain new
descendants through redirection
Rich-get-richer is automatic!

One more
Configuration model

Configuration model
Generate degrees:

Configuration model
Generate degrees:
5
2
1
3
1
2

Configuration model
Make empty stubs

5

2

1

3

1

2

Configuration model
Make empty stubs

5

2

1

3

1

2

Configuration model
Randomly drop links between stubs

5

2

1

3

1

2

Configuration model
Randomly drop links between stubs

5

2

1

3

1

2

Configuration model
Randomly drop links between stubs

5

2

1

3

1

2

Configuration model
Randomly drop links between stubs

5

2

1

3

1

2

Configuration model

Configuration model

Doesn’t just preserve degree distribution
but degree sequence

Configuration model

Doesn’t just preserve degree distribution
but degree sequence
Useful null model: all structure
destroyed except degrees

Part II

Getting started on a
computer

Demo time

Demo time
Cytoscape

cytoscape.org

Gephi

networkx.lanl.gov
python.org

gephi.org

Network search

How to find stuff
Recall

How to find stuff
Recall
1960s Milgram asked “How far apart are we?”

Network search
Can I find things on a network with only
local information?

Network search
Can I find things on a network with only
local information?

small world
Regular

Small-world

p=0

Random

p=1
Increasing randomness

Network search
Can I find things on a network with only
local information?

small world
Regular

Small-world

p=0

Random

p=1
Increasing randomness

Kleinberg

Network search
Kleinberg

brief communic

Navigation in a small world
It is easier to find short chains between points in some networks than others.

Networks exist in space

tions follow an inverse-square distribution,
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principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
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tions follow an inverse-square distribution,
there is a decentralized algorithm that
achieves a very rapid delivery time; T is
bounded by a function proportional to
(logN)2. The algorithm achieving this
bound is a ‘greedy’ heuristic: each message
holder forwards the message across a cona
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v

nection that brings it as close as possible to
the target in lattice distance. Moreover,
!"2 is the only exponent at which any
decentralized algorithm can achieve a delivery time bounded by any polynomial in
logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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T

he small-world phenomenon — the
principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.

Algorithmic analysis of the
Milgram letter passing
experiment

7.0

6.0

5.0
0

1
2
Clustering exponent (α)

Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lat-
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first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
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long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lat-
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nection that brings it as close as possible to
the target in lattice distance. Moreover,
!"2 is the only exponent at which any
decentralized algorithm can achieve a delivery time bounded by any polynomial in
logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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the asymptotic analytical bounds (Fig. 1c).
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routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
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threshold, the structure of the long-range
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he small-world phenomenon — the
principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lat-
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the target in lattice distance. Moreover,
!"2 is the only exponent at which any
decentralized algorithm can achieve a delivery time bounded by any polynomial in
logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
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nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
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logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
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also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
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Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
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uniformly at random, the result is a world
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he small-world phenomenon — the
principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lat-
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he small-world phenomenon — the
principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
A characteristic feature of small-world
networks is that their diameter is exponen-
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lattice (‘Manhattan’) distance between u and v, and !#0 is a fixed
clustering exponent. More generally, for p,q#1, each node u has

nection that brings it as close as possible to
the target in lattice distance. Moreover,
!"2 is the only exponent at which any
decentralized algorithm can achieve a delivery time bounded by any polynomial in
logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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Department of Computer Science, Cornell
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employed (Fig. 1b).
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also generalize to d-dimensional lattices for
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the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
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In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
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in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.

Neighbor at distance r linked
with probability:
0

1
2
3
Clustering exponent (α)

4

c

In T for greedy algorithm

Kleinberg
model

he small-world phenomenon — the
principle that most of us are linked by
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first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
A characteristic feature of small-world
networks is that their diameter is exponen-
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lattice (‘Manhattan’) distance between u and v, and !#0 is a fixed
clustering exponent. More generally, for p,q#1, each node u has
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!"2 is the only exponent at which any
decentralized algorithm can achieve a delivery time bounded by any polynomial in
logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
A characteristic feature of small-world
networks is that their diameter is exponen-
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lattice (‘Manhattan’) distance between u and v, and !#0 is a fixed
clustering exponent. More generally, for p,q#1, each node u has
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he small-world phenomenon — the
principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
A characteristic feature of small-world
networks is that their diameter is exponen-
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the target in lattice distance. Moreover,
!"2 is the only exponent at which any
decentralized algorithm can achieve a delivery time bounded by any polynomial in
logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lattice (‘Manhattan’) distance between u and v, and !#0 is a fixed
clustering exponent. More generally, for p,q#1, each node u has
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employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
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principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
A characteristic feature of small-world
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lattice (‘Manhattan’) distance between u and v, and !#0 is a fixed
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he small-world phenomenon — the
principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
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arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
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the ‘small-world’ paradigm3: they are rich
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probability of a connection between two
nodes as a function of their lattice distance
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step, the holder of the message must pass it
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not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
A characteristic feature of small-world
networks is that their diameter is exponentially smaller than their size, being bounded
by a polynomial in logN, where N is the
number of nodes. In other words, there is
always a very short path between any two
nodes. This does not imply, however, that a
decentralized algorithm will be able to discover such short paths. My central finding
is that there is in fact a unique value of the
exponent ! at which this is possible.
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lattice (‘Manhattan’) distance between u and v, and !#0 is a fixed
clustering exponent. More generally, for p,q#1, each node u has
a short-range connection to all nodes within p lattice steps, and q
long-range connections generated independently from a distribution with clustering exponent !. b, Lower bound from my characterization theorem: when ! ≠ 2, the expected delivery time T
of any decentralized algorithm satisfies T #cn &, where
&"(2%!)/3 for 0'!(2 and &"(!%2)/(!%1) for !)2,
and where c depends on !, p and q, but not n. c, Simulation of
the greedy algorithm on a 20,000$20,000 toroidal lattice, with
random long-range connections as in a. Each data point is the
average of 1,000 runs.
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nection that brings it as close as possible to
the target in lattice distance. Moreover,
!"2 is the only exponent at which any
decentralized algorithm can achieve a delivery time bounded by any polynomial in
logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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second, individuals operating with purely
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nodes as a function of their lattice distance
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which represents the expected number of
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generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
A characteristic feature of small-world
networks is that their diameter is exponentially smaller than their size, being bounded
by a polynomial in logN, where N is the
number of nodes. In other words, there is
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model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
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is selected with probability proportional to r %!, where r is the lattice (‘Manhattan’) distance between u and v, and !#0 is a fixed
clustering exponent. More generally, for p,q#1, each node u has
a short-range connection to all nodes within p lattice steps, and q
long-range connections generated independently from a distribution with clustering exponent !. b, Lower bound from my characterization theorem: when ! ≠ 2, the expected delivery time T
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and where c depends on !, p and q, but not n. c, Simulation of
the greedy algorithm on a 20,000$20,000 toroidal lattice, with
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nection that brings it as close as possible to
the target in lattice distance. Moreover,
!"2 is the only exponent at which any
decentralized algorithm can achieve a delivery time bounded by any polynomial in
logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
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he small-world phenomenon — the
principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
arising in nature and technology3–5. Experimental study of the phenomenon1 revealed
that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
I have found that the cues needed for
discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
the ‘small-world’ paradigm3: they are rich
in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
A characteristic feature of small-world
networks is that their diameter is exponentially smaller than their size, being bounded
by a polynomial in logN, where N is the
number of nodes. In other words, there is
always a very short path between any two
nodes. This does not imply, however, that a
decentralized algorithm will be able to discover such short paths. My central finding
is that there is in fact a unique value of the
exponent ! at which this is possible.
When !"2, so that long-range connec-
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nection that brings it as close as possible to
the target in lattice distance. Moreover,
!"2 is the only exponent at which any
decentralized algorithm can achieve a delivery time bounded by any polynomial in
logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lattice (‘Manhattan’) distance between u and v, and !#0 is a fixed
clustering exponent. More generally, for p,q#1, each node u has

a short-range connection to all nodes within p lattice steps, and q
long-range connections generated independently from a distribution with clustering exponent !. b, Lower bound from my characterization theorem: when ! ≠ 2, the expected delivery time T
of any decentralized algorithm satisfies T #cn &, where
&"(2%!)/3 for 0'!(2 and &"(!%2)/(!%1) for !)2,
and where c depends on !, p and q, but not n. c, Simulation of
the greedy algorithm on a 20,000$20,000 toroidal lattice, with
random long-range connections as in a. Each data point is the
average of 1,000 runs.
© 2000 Macmillan Magazines Ltd

Jon M. Kleinberg
Department of Computer Science, Cornell
University, Ithaca, New York 14853, USA
Milgram, S. Psychol. Today 1, 61–67 (1967).
Kochen, M. (ed.) The Small World (Ablex, Norwood, NJ, 1989).
Watts, D. & Strogatz, S. Nature 393, 440–442 (1998).
Albert, R. et al. Nature 401, 130–131 (1999).
Adamic, L. in Proc. 3rd European Conference on Digital Libraries
(eds Abiteboul, S. & Vercoustre, A.-M.) 443–452 (Springer
Lecture Notes in Computer Science, Vol. 1696, Berlin, 1999).
6. Cormen, T., Leiserson, C. & Rivest, R. Introduction to
Algorithms (McGraw-Hill, Boston, 1990).
7. Peleg, D. & Upfal, E. J. Assoc. Comput. Machinery 36, 510–530
(1989).
8. Braitenberg, V. & Schüz, A. Anatomy of the Cortex (Springer,
Berlin, 1991).
9. Killworth, P. & Bernard, H. Social Networks 1, 159–192 (1978).
10. Pirolli, P. & Card, S. Psychol. Rev. 106, 643–675 (1999).
1.
2.
3.
4.
5.

845

brief communications

NetworkT search

Navigation in a small world
It is easier to find short chains between points in some networks than others.
tions follow an inverse-square distribution,
there is a decentralized algorithm that
achieves a very rapid delivery time; T is
bounded by a function proportional to
(logN)2. The algorithm achieving this
bound is a ‘greedy’ heuristic: each message
holder forwards the message across a cona

b

v
a

u

b
0.8

(2–α)/3

(α–2)/(α–1)

How many times T must the message
be passed?

No long-range
links: slow

↵=0

?

0.6

0.4.
0.2

0

0

1
2
3
Clustering exponent (α)

4

c

In T for greedy algorithm

↵!1

c

d

Exponent β in
lower bound on T

Kleinberg
model

he small-world phenomenon — the
principle that most of us are linked by
short chains of acquaintances — was
first investigated as a question in sociology1,2 and is a feature of a range of networks
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that it has two fundamental components:
first, such short chains are ubiquitous, and
second, individuals operating with purely
local information are very adept at finding
these chains. The first issue has been
analysed2–4, and here I investigate the second by modelling how individuals can find
short chains in a large social network.
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discovering short chains emerge in a very
simple network model. This model is based
on early experiments1, in which source individuals in Nebraska attempted to transmit a
letter to a target in Massachusetts, with the
letter being forwarded at each step to someone the holder knew on a first-name basis.
The networks underlying the model follow
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in structured short-range connections and
have a few random long-range connections.
Long-range connections are added to a
two-dimensional lattice controlled by a
clustering exponent, !, that determines the
probability of a connection between two
nodes as a function of their lattice distance
(Fig. 1a). Decentralized algorithms are
studied for transmitting a message: at each
step, the holder of the message must pass it
across one of its short- or long-range connections; crucially, this current holder does
not know the long-range connections of
nodes that have not touched the message.
The primary figure of merit for such an
algorithm is its expected delivery time T,
which represents the expected number of
steps needed to forward a message between
a random source and target in a network
generated according to the model. It is crucial to constrain the algorithm to use only
local information — with global knowledge
of all connections in the network, the shortest chain can be found very simply6.
A characteristic feature of small-world
networks is that their diameter is exponentially smaller than their size, being bounded
by a polynomial in logN, where N is the
number of nodes. In other words, there is
always a very short path between any two
nodes. This does not imply, however, that a
decentralized algorithm will be able to discover such short paths. My central finding
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the target in lattice distance. Moreover,
!"2 is the only exponent at which any
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logN: for every other exponent, an asymptotically much larger delivery time is
required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
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In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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Figure 1 The navigability of small-world networks. a, The network
model is derived from an n$n lattice. Each node, u, has a shortrange connection to its nearest neighbours (a, b, c and d ) and a
long-range connection to a randomly chosen node, where node v
is selected with probability proportional to r %!, where r is the lattice (‘Manhattan’) distance between u and v, and !#0 is a fixed
clustering exponent. More generally, for p,q#1, each node u has

a short-range connection to all nodes within p lattice steps, and q
long-range connections generated independently from a distribution with clustering exponent !. b, Lower bound from my characterization theorem: when ! ≠ 2, the expected delivery time T
of any decentralized algorithm satisfies T #cn &, where
&"(2%!)/3 for 0'!(2 and &"(!%2)/(!%1) for !)2,
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required, regardless of the algorithm
employed (Fig. 1b).
These results indicate that efficient navigability is a fundamental property of only
some small-world structures. The results
also generalize to d-dimensional lattices for
any value of d#1, with the critical value of
the clustering exponent becoming !"d.
Simulations of the greedy algorithm yield
results that are qualitatively consistent with
the asymptotic analytical bounds (Fig. 1c).
In the areas of communication networks7 and neuroanatomy 8, the issue of
routing without a global network organization has been considered; also in social psychology and information foraging some of
the cues that individuals use to construct
paths through a social network or hyperlinked environment have been discovered9,10.
Although I have focused on a very clean
model, I believe that a more general conclusion can be drawn for small-world networks
— namely that the correlation between local
structure and long-range connections provides critical cues for finding paths through
the network.
When this correlation is near a critical
threshold, the structure of the long-range
connections forms a type of gradient that
allows individuals to guide a message efficiently towards a target. As the correlation
drops below this critical value and the social
network becomes more homogeneous,
these cues begin to disappear; in the limit,
when long-range connections are generated
uniformly at random, the result is a world
in which short chains exist but individuals,
faced with a disorienting array of social
contacts, are unable to find them.
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Structure and tie strengths in mobile
communication networks
J.-P. Onnela*†‡, J. Saramäki*, J. Hyvönen*, G. Szabó§¶, D. Lazer!, K. Kaski*, J. Kertész*,**, and A.-L. Barabási§¶
*Laboratory of Computational Engineering, Helsinki University of Technology, P.O. Box 9203, FI-02015 TKK, Helsinki, Finland; †Physics Department,
Clarendon Laboratory, Oxford University, Oxford OX1 3PU, United Kingdom; §Department of Physics and Center for Complex Networks Research,
University of Notre Dame, South Bend, IN 46556; ¶Center for Cancer Systems Biology, Dana–Farber Cancer Institute, Harvard University,
Boston, MA 02115; !John F. Kennedy School of Government, Harvard University, Cambridge, MA 02138; and **Department of
Theoretical Physics, Budapest University of Technology and Economics, H1111, Budapest, Hungary
Edited by H. Eugene Stanley, Boston University, Boston, MA, and approved January 27, 2007 (received for review November 18, 2006)

Electronic databases, from phone to e-mails logs, currently provide
detailed records of human communication patterns, offering novel
avenues to map and explore the structure of social and communication networks. Here we examine the communication patterns
of millions of mobile phone users, allowing us to simultaneously
study the local and the global structure of a society-wide communication network. We observe a coupling between interaction
strengths and the network’s local structure, with the counterintuitive consequence that social networks are robust to the removal
of the strong ties but fall apart after a phase transition if the weak
ties are removed. We show that this coupling significantly slows
the diffusion process, resulting in dynamic trapping of information
in communities and find that, when it comes to information diffusion, weak and strong ties are both simultaneously ineffective.
complex systems " complex networks " diffusion and spreading "
phase transition " social systems

U

ncovering the structure and function of communication
networks has always been constrained by the practical
difficulty of mapping out interactions among a large number of
individuals. Indeed, most of our current understanding of communication and social networks is based on questionnaire data,
reaching typically a few dozen individuals and relying on the
individual’s opinion to reveal the nature and the strength of the
ties. The fact that currently an increasing fraction of human
interactions are recorded, from e-mail (1–3) to phone records

PNAS, 2007

aggregated duration of calls between users A and B. This
procedure eliminates a large number of one-way calls, most of
which correspond to single events, suggesting that they typically
reach individuals that the caller does not know personally. The
resulting mobile call graph (MCG) (4) contains N " 4.6 # 106
nodes and L " 7.0 # 106 links, the vast majority (84.1%) of these
nodes belonging to a single connected cluster [giant component
(GC)]. Given the very large number of users and communication
events in the database, we find that the statistical characteristics
of the network and the GC are largely saturated, observing little
difference between a two- or a three-month-long sample. Note
that the MCG captures only a subset of all interactions between
individuals, a detailed mapping of which would require face-toface, e-mail, and land line communications as well. Yet, although
mobile phone data capture just a slice of communication among
people, research on media multiplexity suggests that the use of
one medium for communication between two people implies
communication by other means as well (6). Furthermore, in the
absence of directory listings, the mobile phone data are skewed
toward trusted interactions (that is, people tend to share their
mobile numbers only with individuals they trust). Therefore, the
MCG can be used as a proxy of the communication network
between the users. It is of sufficient detail to allow us to address
the large-scale features of the underlying human communication
network and the major trends characterizing it.
Results
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avenues to map and explore the structure of social and communication networks. Here we examine the communication patterns
of millions of mobile phone users, allowing us to simultaneously
study the local and the global structure of a society-wide communication network. We observe a coupling between interaction
strengths and the network’s local structure, with the counterintuitive consequence that social networks are robust to the removal
of the strong ties but fall apart after a phase transition if the weak
ties are removed. We show that this coupling significantly slows
the diffusion process, resulting in dynamic trapping of information
in communities and find that, when it comes to information diffusion, weak and strong ties are both simultaneously ineffective.
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A common property of many large networks, including the Internet, is that the connectivity of the
various nodes follows a scale-free power-law distribution, P!k" ! ck 2a . We study the stability of such
networks with respect to crashes, such as random removal of sites. Our approach, based on percolation
theory, leads to a general condition for the critical fraction of nodes, pc , that needs to be removed before
the network disintegrates. We show analytically and numerically that for a # 3 the transition never
takes place, unless the network is finite. In the special case of the physical structure of the Internet
!a # 2.5", we find that it is impressively robust, with pc . 0.99.

Many complex systems display a surprising degree of tolerance
against errors. For example, relatively simple organisms grow,
persist and reproduce despite drastic pharmaceutical or
environmental interventions, an error tolerance attributed to
the robustness of the underlying metabolic network1. Complex
communication networks2 display a surprising degree of robust- PACS numbers: 84.35.+i, 02.50.Cw, 05.50.+q, 64.60.Ak
ness: although key components regularly malfunction, local failRecently there has been increasing interest in the forures rarely lead to the loss of the global information-carrying
of random networks and in the connectivity of
ability of the network. The stability of these and other mation
complex
these
networks, especially in the context of the Internet
systems is often attributed to the redundant wiring of the
func[1–9]. When such networks are subject to random breaktional web defined by the systems’ components. Here we demondowns — a fraction p of the nodes and their connections
strate that error tolerance is not shared by all redundant systems:
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of connected nodes may be neglected, the percol
sition takes place when a node (i), connected to
in the spanning cluster, is also connected to at
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Many complex systems display a surprising degree of tolerance
against errors. For example, relatively simple organisms grow,
persist and reproduce despite drastic pharmaceutical or
environmentalP interventions,
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it is displayed only by a class of inhomogeneously wired networks,
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attack. We also argue that, near criticality,
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Synchronization phenomena in large populations of interacting elements are the subject of intense
research efforts in physical, biological, chemical, and social systems. A successful approach to the
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Figure 3 | Network of the 82 communities in the DIP core list of the protein–
protein interactions of S. cerevisiae for k 5 4. The areas of the circles and
the widths of the links are proportional to the size of the corresponding
ov
communities (scom
a ) and to the size of the overlaps (sa;b ), respectively. The
coloured communities (top) are cut out and magnified to reveal their

(Palla et al., 2005)
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